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the  aperture. Also, careful  design of the  aperture  must 
be  observed  to  achieve  a  suitable  element  pattern. 

COSCLL-SIONS 

Previous  work on the geodesic  lens antenna is defi- 
cient in producing  a good unit-index  design  capable of 
radiating  in  or  near  the  plane of the lens  rim.  This  paper 
extends  that work to  correct  the  mentioned deficienc);. 
This was  accomplished by  requiring  exact  focusing  over 
onl>- part  of the semicircular aperture,  thus allowing at-  
tainment of a  suitable  element  pattern for the  practical 
case  where the lens  contour  is  designed for b =  0", the  in- 

dex  is  unity,  and  the  outer  annulus is divided  into txvo or 
more  constant-slope  sections. 

additional  feature of the geodesic  lens antenna  is 
its  ability  to  scan or form  multiple  beams.  Elevation 
scan  may  be  obtained  by  radial feed movetnent  or  by 
switching fixed feeds.  Azimuthal  scan  may  be  obtained 
by  mechanical feed movenlent at a  constant  radius,  or 
i t  may be  obtained  by  switching fixed feeds. The  pat- 
terns  presented  serve  to  verify  the  beam  elevation posi- 
tioning  potential of a /3 = 0" lens. The  stacking of two  or 
more  lenses  would facilitate  beam  positioning  and  multi- 
ple  beam  applications. 

Design Considerations for Two-Dimensional Symmetric 
Bootlace Lenses 

Abslracf-It is  generally  known  that  a  symmetrical  bootlace 
lens  having two pairs of conjugate  foci  can  be  designed.  Additionally, 
there is a bootlace  lens,  the R-2R, which  focuses  perfectly at in- 
finitely many points. It is shown in this paper  that  the R-2R is 
unique;  there  are no other  perfect  bootlace  lenses  and, in fact, no 
others  with more than two pairs of conjugate off-axis foci. 

B 
INTRODUCTION 

ECALSE many of the newer radar  systems  re- 
quire  true  time-delay  scanning  antennas,  there 
has recent117 been  appreciable  interest  in  the  boot- 

lace lens,1~2~3J  a  variation of the  metal-plate  waveguide 
lens. In  one  tl-pe of waveguide  lens  (Fig. l ) ,  rays  from 
the feed incident on the first  lens  contour C1 do  not  obey 
Snell's  law, but  are  constrained  to follow the  path pro- 
vided by  the  waveguide so that  the ray exits a t   the  same 
distance  from  the  lens  axis  as i t  enters (ie., y?=yl ) .  The  
bootlace  lens offers another degree of freedom by using 
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flexible waveguide  (usually coaxial  cable) as  the  delay 
path so that  yl need not  equal yz. 

The usual  waveguide  lens has  three  independent 
parameters:  the  two  lens  contours C1 and Cz, and  the 
variation  in  index of refraction n(y).  Ruzej  showed tha t  
for the  waveguide  lens  lying in the xy plane  and  sym- 
metric  about  the x axis,  there  could  be a t  most  three 
focal points,  namely,  two  conjugate off-axis points F, 
and Fl', and  an on-axis  point Fo (Fig. 2) .  

The flexible transmission lines of the  bootlace  lens 
provide  an  additional  parameter  which  permits  the  im- 
position of one  more  constraint.  Gent3  showed  that  the 
bootlace  lens  (Fig. 3) could have  two  pairs of conjugate 
foci Fly F1' and Fz, FZ'. Gent noticed that  if the foci lay 
on a circle of radius R, with its center a t  the  vertex of 
contour C1, then 1) all the  path  delays I are  equal, 2)  C2 
is a circle of radius  2R,  and 3) C1 is a circle of radius R 
coincident  with  the  circle  on  which  the focal points  lay. 
He recognized that  his  lens  was  equivalent  to  the  R-2R 
lens6  which  is known  to  provide  perfect  focusing  for all 
points on the  focal  arc.  It would  be valuable  to find 
other  such  perfect  lenses,  but  unfortunately  the  R-2R 
is unique. I t  is the  purpose  of  this  paper  to show that  
there  are no other  perfect  bootlace  lenses  and, in fact, 
no others  with  more  than  two  pairs of conjugate off-axis 
foci. 
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Fig. 1. Schematic of one type of waveguide  lens. The waveguides 
are arranged  parallel to the lens  axis so that  the  rays  enter  and 
emerge at  the  same  distance  from  the  lens  axis. 

Y 
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Fig. 2. Symmetric  waveguide  lens  with  three  focal  points. A lens 
of the  type shown in this figure has only three  focal  points. 

DERIVATION OF THE EQGATIONS OF THE 
LENS CONTOCRS 

In Fig. 4, Fi and Fi’ (with i=  1, 2, 3) denote a pair of 
symmetrically  placed focal points, p i  and pi’ are  the 
distances  from Fi and Fi’ to  any  point (x, y )  on the  first 
lens  contour, w is the  electrical  length of the  line  joining 
the  point (x, y) of the  first  lens  contour  to  the  cor- 
responding  point (u, v) of the  second  lens  contour,  and 
~1 is the  electrical  length of the  line  joining  the  vertices  of 
the  two lens  contours  (Fig. 4). Let (p i ,  ai) be the  polar 
coordinates of the focal  point Fi,  and  let p i  denote  the 
angle  between the lens axis and  the  normal  to  the  phase 

Y 

t 

FLEXIBLE  CABLES 

Fig. 3. Bootlace  lens  with  conjugate  foci. 

front of the  beam which  emerges  when  the  lens  is 
energized by a point  source  located a t  Fi. (Note  that  we 
do  not  assume,  as  has  generally  been  done,  that  the 
direction of the  radiated  beam  makes  the  same  angle 
with  the axis as does  the  focal  radius.) 

In  order t o  reduce  the  considerable  amount of detail 
in the  treatment  that follows, some  mathematical  gen- 
erality,  which is not  physically  significant, will be  sacri- 
ficed. Thus we shall  exclude  the  relation y E O  or  the 
relation v ‘0, which  correspond,  individually, to  the 
case  where  one of the lens  contours  degenerates  into  a 
straight  line  segment  along  the  axis of symmetry. We 
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Fig. 4. Ray-tracing  diagram for symmetric  bootlace lens. 

shall  also  assume that  none of the focal  points  are  on 
the  axis of the  lens  and  that,  for  the focal  points Fi ,  the 
angles ai are  in  the second quadrant  and  the  angles pi 
are  in  the  fourth  quadrant. 

The  requirement  that  the  path  length  from  the focal 
point Fi to  the  emergent  phase  front is constant  yields 

p ,  + w - u cos pi - v sin p i  = p ;  + a. (1) 

The  same  requirement  applied  to  the  focal  point F,’, 
together  with  the  requirement of symmetry,  leads  to 

p(  + w - u cos + v sin pi = p i  + %*. ( 2 )  

From (1) and (2) we get 

( p J 2  - = $ ( p i  - w + ~ + 24 cos & ) E  sin p ; .  (3) 

In  addition, 

p i  = d ( x  - p i  cos ai)’ + (y - p i  sin 

and (4) 

p i  = d ( x  - p i  cos + ( y  + p i  sin a J 2 ,  

from  which 
(pi)’  - (pi‘)2 = - 4ypi sin ai. ( 5 )  

And  since  by  hypothesis pi  sin ai#O, y # O ,  and o + O ,  i t  
follows from ( 3 )  and (5) that,  for  the  ray  paths p i ,  p i ’ ,  
and p j ,  p j ‘ ,  drawn  from  two  pairs of conjugate  foci, 

p i  sin a; ( p i  - w + ~ + u cos pi) sin pi 
p j  sin a j  ( p j  - w + a + zt cos B j )  sin p j  
-- - 

( i , j  = 1, 2, 3; i Pj). (6) 

Since (6) must  be  true  for  all  corresponding  points of 
the  two  lens  contours,  it  must  be  true  in  particular  when 

the  corresponding  points  are  the  two  vertices, ;.e., when 
u = O  and w-a=O. Substituting  these  values in (6) we 
get 

sin ai sin pi 
sin aj sin pi 

Thus we see that  although  the  directions of the  emerging 
beams  need  not  be  the  same as the  directions of the focal 
radii,  the  corresponding  directions  are  nevertheless  con- 
strained in accordance  with (7). 

For  later use we  will derive  some  additional  relations. 
Substituting (7) into (6), we get  the  relation 

-- --. ( 7 )  

( p i  - P j ) ( W  - G) = U ( P i  cos p j  - p j  cos pJ .  (8) 

Subtracting (2) from  (1)  gives 

p i  - pa’ = 2v sin 84. (9) 

Hence, 

p i  - p i  sin p i  Sinai 

p i  - pj’ sin pi sin aj 

___=-- -- 

or 
p .  - ps’ p .  - p !  

3 3  -_-. - 
sin ai sin ai 

From (5) we obtain 

( p i ) ‘  - ( ~ 2 ’ ) ~  - (Pi)’ - 
p i  sin c y I  p j  sin aj 

- 

Combining  this  result  with (10) gives 

p i  + pa’ + p i  
P i  P j  

-=-. (1 1) 

Squaring (10) and (1 1) and  rearranging  terms  gives 

sin2 ai{ ( p i > 2  + ( p ( ) 2 ]  - sin* ai( ( p i 1 2  + ( @ j ’ ~ ~ }  

= 2 {  (sin2 aj)plpl’  - (sin2 a i ) p j p j ’ }  

and 

p j 2 {   ( p i > *  + ( P : > ~ }  - p z 2 {  (pj)’  + 
= 2 { - p j 2 p i p i  + P t 2 p j p ; }  

Eliminating pjpi’  from  these  two  equations  yields 

(p i?  sin* a j  + p j z  sin2 a.,) { ( p i ) ?  +   pi')^} 
- 2 p i 2  sin2 ai( ( p ~ 2  + (p j ’ ) ’ }  

= 2 ( p i 2  sin2 a j  - p j 2  sin2 a J p ; p i l .  (12) 

Substituting  from (4) into  the  left  side of (12) gives 

(.x*+ y2) { pi2 sin2 a j + p j *  sin2 a, - 2pi2  sin2 a;} 

+ x {  $pj(cos cYj)p,*(sin2 ai) - 2p,(cos a ~ ( p , ?  sin2 aj+pj2sin2a,) 1 
+ p i 2 ( p i 2  sing a j - p j 2  sin? a i )  = (p ,?  sin2 a j - p j 2  sin? a i ) p ; p i ’ .  (13) 

By  squaring  both  sides of (13),  the  equation of the  first 
lens  contour is obtained  in a form  free of radicals. If 
we  nom let i = 1 and j = 2 ,  (13)  leads  to  the  following: 
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where 

uo= (p22-p1?)(sin2 a2-sin2 al) 

ul= ( p l  COS al+p' COS a2) (p l2  sin2 a 2 + p i ?  sin? al )  

-2p1pz(p1 cos a2 sin? a1+p2 cos a1 sin2 a?) 

a? = 4plp2(p?  cos a1-pI cos az)(p12 sin2 cy2 cos a1 
- pz2 sin2 a1 cos aq) + (pi2- p12) (p12 sin? a' - p2z sin? al) 

u3 = (p12 sin2 a? - pZ2 sin' al) (p2? cos2 a1 - p12 COS? a2) 

~a=2plp2(p1 COS az-pz COS a l ) ( p l ?  sin' a 2 - p 2 2  sin2 cyl). (IS) 

I t  is  interesting  to  note  that (14) for  the  first  lens 
contour  depends  on  the  coordinates of the  foci,  but  not 
on the  directions of the  emerging  beams. 

By adding  (1)  and (2) we find that  

Equations (8), (9), and (16) can now be  solved  for 
w - a ,  $1, and v giving,  respectively, 

pa COS Bj  - pj COS 

cos pj - cos (3i 

pi - pi' v=-. 
2 sin pi 

(17c) 

If (14) is  solved  for y in  terms of x and  the  result is sub- 
stituted  in  (17),  the  lengths of the  bootlaces  and  the 
coordinates of the  points on the  second  lens  contour  are 
then expressed  in  terms of x as  a  parameter.  (Kote  that, 
by  virtue of (l l) ,   the  factor ( p i + p i ' ) / 2 p i  which  appears 
in (16) is independent of the  index i.) 

Equations (14) and (17) show that  the lens is uniquely 
determined  when  two  pairs of off-axis focal  points  are 
prescribed.  Before  continuing  with  the  principal  objec- 
tive of this  paper, i t  may  be of interest  to  consider  the 
special  case  where  one of the focal  pairs  coalesces to  a 
single  focal  point on the  axis of symmetry.  Let  the co- 
ordinates of this  focal  point  be (pl, a) and  the coordi- 
nates of the  other focal  point  which lies in the second 
quadrant  be ( p ? ,  a2). The  system of four  equations  that 
we get  from (1) and ( 2 )  by  letting i = 1 and 2 then  re- 
duces t o  a  system of three  equations.  Since p ,  = p,' for  a 
focal  point on the  axis,  it follows from (9) that  sin PI = 0. 
The  three  equations  for  determining  the  lens  contour 
thus become 

p1 + w + zt = p1 + l i t  

p 2  + w - u cos p2 - v sin p2 = p z  + c! (la) 

p i  + w - zc cos,& + v sin@' = p2 + GI. (2  a) 

This  system has an  infinite  number of solutions. How- 
ever,  subject  to  the  requirements of symmetry,  either of 
the  lens  contours  may  be  prescribed  arbitrarily,  and 
the  other  contour,  together  with  the  connecting  path 
lengths,  may  then be  determined.  Alternatively,  the 
path differences w -w can  be  prescribed  as a function 
of one of the  variables x, y2, u, or 9 ,  and  the  two  lens 
contours  are  then  determined.  It is not  immediately 
obvious that  the solutions will satisfy  the  symmetry 
requirements.  That  the  symmetry  requirements  are  met 
can  be  seen  by  noting  that if the  transformations: 

x-fz, y-f - y ,  2 1 + u ,  v +  - 8 ,  -w-- fw 

are  made,  then pl+pll and p+$,'. These  transforma- 
tions  transform  the  system of (la)  and (2a) into  itself, 
and  thus  the  symmetry  requirements  are  satisfied. 

DEMOKSTRATIOK  THAT THE R - 2 R  BOOTLACE LENS 
1s THE OXLP ONE HAVISG THREE OR N O R E  

PAIRS OF OFF-AXIS FOCAL POIKTS 
We  return now to  the  general  case  where  none of the 

focal  points  lie on the  axis of the  lens. As we  have  seen, 
the  lens is uniquely  determined  when  two  pairs of foci, 
together  with  the  directions of the  emerging  beams,  are 
prescribed.  We  shall now show that  if the  lens possesses 
a  third  pair of foci not on the  axis, i t  must  be  the so- 
called R - 2 R  lens. 

If there  exist  three  pairs of foci, any  two  pairs  may  be 
used to  determine  the lens. Thus  two  additional  equa- 
tions  similar to  (14) mag  be  obtained  for  the first lens 
contour.  These  three  equations,  including (14) which is 
repeated  here  for  convenience,  are: 

u0y4 + (2uox? + 2ulx  + a3)y2  

+ (uox4 + 2u1x3 + ( 1 2 9  + a,%) = 0 (18a) 

boy4 + (2box2 + 2blz + b3)y2  

+ (box4 + 2b1x3 + bzx2  + b4x) = 0 (18b) 
coy4 + ( 2 C o 9  + 2c1x + c3)y2 

+ (cox4 + 2c19 + c2x2 + c4x) = 0. (18c) 

The coefficients br; can  be  obtained  by  replacing  the ar; 
in (15) by br;, and  changing  the  subscripts 1 and 2 on 
the  right  to 2 and 3, respectively.  Similarly,  the G$ can 
be  defined by  replacing ar; by C B ,  and  changing  the  sub- 
scripts  1  and 2 to  3 and  1,  respectively. 

117e now impose  the  requirement  that  (18a),  (18b), 
and (18c) define the  same  curve.  We  shall  show  first 
that   the leading coefficient in  each of these  equations is 
different  from  zero.  Because of the  similarity of the 
equations,  it will clearly suffice t o  show that  uo#O. 

Since a. = (p22 -ppl?) (sin? a?? -sin2 al), i t  follows that  
a. = 0 only if a) pz = p , ,  or  b)  sin a? = sin 011. Suppose  first 
that  case  a) is valid, ie., p?=p,. Substituting  this  rela- 
tion  in (8) gives  upl(cos  &-cos 81) = O .  This is possible 
onlJ- if cos &=cos p1 or if u = O .  If cos = cos PI, then 
sin  &=sin P1, and  it  then follows from (7) than  sin a1 

=sin a?. This would  require that  the  two  distinct foci 



F1 and F2 be coincident.  On the  other  hand,  suppose  that only  one  solution  in  common.  There is clearly  no loss of 
II G O .  Then it follows  from (8) that  either w--@=O  or generality if  me assume  that  the  two  equations  are (18a) 
p 1 = p Z = p 3 .  If w-*=O, then  by  adding (1) and ( 2 )  we and  (18b). If we eliminate y4 from  these  two  equations, 
find that,  for i = 1 and 2 ,  p1+p1' = 2pl,  and p2+p21 = 2p2 we find for the  common  solution 
= 2p1. The first of these  equations  represents  an  ellipse 2(albo-  aobl)x3+ (uzbo - aob2)x2+  (aibo- aob4)r 
with foci a t  F1, F l f ,  and  the second  represents an  ellipse y 2  = 
with foci a t  F2, F2'. However,  since  each of these  equa- (a.obl--albo)x+(aobs-aabo) 
tionsalsorepresents  the  first lens  contour,  both  equations Thus we see  that y2  is a rational  function of x. On the 
must  represent  the  same ellipse. Therefore,  the focal pair other  hand, solving (18a) for y 2  we get 

F1, F1' must coincide with  the focal pair F?, Fz', which is 
again a contradiction. If 11 G O  but w - ~ # O ,  then 
p1 =pz=p3 and,  consequently, ao= 0 and bo = 0. From 
(18a) and  (18b) we then  obtain 

y2 = - (2alx3+a.,x2+u4x) - (2b1x3+b2x2+b4x) 
2a.1x+ a3 2blx+b3 

Since the foci F1, F2, and F3 are all distinct,  and p1=pp 

=p3, i t  follows that  no two of the angles al,  a2, and a3 
can  be  equal.  Hence, aa#O and b a f 0 .  I t  follows then 
from (19) that  u4/'a3 = b4/b3. Upon  substituting  the defin- 
ing  relations  for u3, a( ,  b3, and b, and  using  the  fact  that 
p1=p2=p3,  the  last  equation  reduces  to 

- - - . (19) 

2Pl - 2Pl - 
cos a2 + cos a1 cos a3 + cos 01.2 

Hence, cos Q ~ = C O S  a3 or a1 =as, which  leads to  the  con- 
tradiction  that Fl= F3. Thus we see,  finally, that   the 
initial  assumption  that p1  = p e  leads t o  a  contradiction. 

Suppose  next  that  case  b) is  valid, ; .e . ,  sin a1 =sin 012. 

From (7)  i t  follows tha t  p1=/32. If we substitute  this 
result in (1) for the case  where 2: = 1 and 2 ,  and  subtract 
the  two  resulting  equations, we find that  pz-pl =p2-p1. 
I t  is  clear  from  Fig. 4 that  if F1 and Fz lie on the  same 
ray  through 0 (as they  must if aI=aJ,  then  the preced- 
ing  relation  can  be  satisfied  only by  points on this  ray. 
Such  a  solution for the first  lens  contour is unacceptable 
since i t  violates  the  symmetry  requirement.  We  have 
thus  shown  that cases a) and  b)  are  not  valid,  and  hence 
ao#O. For  future reference  we note  that (7) and  the  fact 
that   sin  aj#sin aj imp117 that  cos Bi+cos pj  ( i# j ) .  

In passing, i t  might  be  interesting  to  note  that  the 
preceding  discussion has  shown  that if there  are more 
than  two  pairs of focal points,  the focal radii  cannot  be 
equal. On the  other  hand,  the proof that  two foci cannot 
lie on the  same focal ray is valid  even if there  are  only 
txvo pairs of foci. 

We  return now to  the  set of (18).  Since the leading 
coefficients are  not  zero,  each of the  equations has two 
solutions  for y 2  as a function of x. Since  each  equation 
of the  set  must  determine  the  same lens  contour,  any 
two of the  equations  must  have  at  least one  common 
solution.  Suppose  first  that  two of the  equations  have 

Since yz must  be  rational in x and,  moreover, y = 0 when 
x= 0, we  see  from the  last  equation  that  the  solution 
must  have  the form 

yz = - x2 + k x ,  where k # 0. 

Substituting  this  solution  in (18a) gives 

(aok2 + 2alk + - u3)x2 + (ka3 + ~ 4 ) x  = 0. 

Hence, 

ka3 + a4 0. 

Similarly, kb3 + bq = 0 (20) 

kc3 + 6 4  = 0. 

These  relations  between  the coefficients result  from  the 
hypothesis  that any txvo  of the  set (18) have  just  one 
solution  in  common. If this is not  the  case,  then all three 
of (18) must  have  both  solutions in common.  In  this 
case,  the coefficients  in any one of the  equations differ 
from  those in any  other  by a constant  factor.  Hence, 
constants k l ,  k Z ,  and k3  exist  such  that 

b3 = k 1 ~ 3 ,  br = klai 

c3 = k 2 ~ 3 ,  = kzae ( 2 0 0  
CS = ksb3, cq = k3b4. 

These  relations  imply  that all two-rowed  minors of the 
matrix 

c: :: 3 
are zero. Hence,  constants nzl and mz, not  both zero, 
exist  such that  

'??2,1U3 + 17l.2a4 = 0 

.mlb3 + 1n2b4 = 0 

n21c3 + Tn.2c4 = 0. 

If we assume  that m2#0, and  let HZ = ml/.m2, then  the 
preceding  equations  become 

+ a4 = 0 

7nb3 + b4 = 0 

mc3 + cq = 0. 

( 2 0 9  
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(We  note  that  since k in (20) is not  zero, i t  is clear that  
if  the  assumption mz#O is replaced b>F the  assumption 
ml#O, the  relations  obtained  remain  valid if we inter- 
change  the  subscripts 3 and 4 and  replace k b>- k-1. I t  
will be apparent  that  this  results in a  trivial modification 
to  the  remainder of the discussion.) 

Equations (20) and (20") show that  whether  the 
equations of the  set (18) have  one  or  two  solutions  in 
common,  the  same  relationships  among  the coefficients 
~ 3 ,  ~ 4 ,  etc.,  are  obtained.  If we now substitute  the  defin- 
ing  relations  for  these coefficients in  (20), we obtain  the 
set of equations 

(pI2  sin' a 2  - pZ2 sin2 a,) (p1 cos a2 - p2 cos el) 

[K(P~ COS a 2  + p2 cos - 2pIp?] = o (21a) 
( ~ 2 ~  sin2 a3 - p3? sin2 a2) (p2  cos a3 - p3 cos a2) 

. [ ~ ( P B  COS 013 p3 COS 02) - 2psp3] = 0 (21b) 
(pS2 sin2 cy1 - p12 sin? a3) (p3 cos a1 - p1 cos a3) 

' [k(P3 cos 011 + p1 cos ff3) - 2p3p11 = 0. (21c) 

We  shall  now  show that  

cos a1 C O S f f 2  cosff3 

P1 P2 P3 

This  means  that all of the  factors  lying  in  the  second 
column of the set of (21) must  be  zero.  Since  only  one 
factor  in  each  equation  need  be  zero, i t  is possible to  
satisfy  the  system of equations  by  letting  various  com- 
binations of the  factors  be  zero.  Suppose, first of all,  that 
two of the  factors in the  first  column  are  zero.  Then  the 
remaining  factors  in  the  first  column  must  also  be  zero. 
Hence we have 

-- --. (22) 

p1? sin2 a2 - pZ2 sin2 al = 0 (234 

pZ2 sin2 a3 - p32 sin2 a2 = 0 (23b) 

p32 sin2 cy1 - p12 sin2 a3 = 0. (23c) 

With  the aid of (13) the  first of these  equations  leads  to 
the following  equation  for  the  first  lens  contour: 

2'2 + y? = 
(2pl  cos a1 2pZ2 sin2 011 - 4p2 cos cy2 pI2 sin2 cyl).zl 

2(pZ2 sin2 a1 - pI2 sin2 cy1) 

- - 
2p1pe(pz cos a1 - p1 cos ff2).2: 

(P? - PI2) 
2p1p*(pn~  cos? cy1 - p12 cos2 (112). 

(pz cos ff1 + PI  cos ff*)(P2 - P12) 
- - 

2plp2(p22 - p12 - pa2sin? a1 + p12 sin2 a2)z - - 
(p2 cos CY1 + p1 cos  ff2)(PS2 - PI2) 

2.2: 

+- 
- - (24a) 

cos CY1 cos f f2  

P1 P2 

Similarly, (13) and  (23b)  lead to  the  equation 

2.2: 

+- x2 + y2 = cos ff? cos f f 3  . 
P2 P3 

Equating  the  right-hand  members of (24a)  and  (24b), 
we find that  

p3 cos cy1 = p1 cos f f 3 .  (25) 

Squaring  (25)  and  combining  the  result  with (23c) we 
find that  a  result  which  has  previously  been 
shown to  be impossible. 

Thus we see that,  at most,  one of the  factors  in  the 
first  column of the  system of (21) can  be  zero. If so, 
there is clearly no loss in  generality in assuming  that i t  
is the  first  factor in (21a), ;.e., that  (23a) is  valid. I t  
follows that  either  the second  factor of (21b)  or (21c) 
is zero,  or that  the  third  factor of both  (21b)  and (21c) 
is zero. Let us assume  the  latter  to  be  true.  Then, 

[Equation (26a) is not  written  yet.  When  it is referred 
to  in  what follows, i t  will be of the  same  form  as  (26b) 
and  (26c).]  Eliminating k between  these  two  equations 
leads to  the  result 

Squaring  both  sides  and  combining  with  (23a)  leads t o  
the  contradictory  result  that  p1=p2. 

147e thus  conclude  that  at  least  one of the second  fac- 
tors  in  (21b)  or (21c) must  be zero. Without loss of 
generality we may  assume,  then,  that 

p2 cos f f 3  - p3 cos f f z  = 0. (27) 

If this  relation is substituted  in  the  formulas  for  the 
coefficients  in  (18b), the  following  expressions  for  the 
coefficients are  obtained : 

- P22 
bo = ~ 

cos2 CY2 
(cos? f f 3  - cos'ff2)2; 

PZ2 

cos3 a2 
b l  = - (cos? f f 3  - cos2 a#; 

If we substitute  these expressions  for the coefficients  in 
(18b) and  then solve,  we find that  the  equation of the 
first  lens  contour is 

Comparing  this  equation  with  (24a),  which  follows  from 
the  assumption  that (23a)  is  valid, we see that  

2 cos f f2  cos crl cos f f2  
+-9 

-- _- 
P2 P1 P2 

(24b) 
or 

cos f f2  cos ffl - 
PZ P I  

_-.  



Combining  this  result  with (27) gives the  relation (22) ,  
which  we  wished to  prove. 

Finally,  let  us  assume  that  none of the  factors in the 
first column of the  set of (21) is zero. If two of the  factors 
in the second  column of this  set  are  zero,  then (22) fol- 
lows directly.  Suppose  then  that,  at  most, one of the 
factors  in  the  second  column of the  set is zero. Then  a t  
least  two of the  factors in the  third column are zero. If 
all three  factors  are  zero,  designate  as (26a) the  equation 
obtained  by  equating  the  third  factor of (2la)  to zero. 
As we have  already  seen,  eliminating k between  (26b) 
and (26c) leads  to  the  relation 

p1 cos a2 = p2 cos ff1. (29) 

Similarly,  eliminating k between  (26a)  and  (26b)  leads 
to  the  relation 

p1 cos f f3  = p3 cos 011. 

Together,  the preceding two  equations  lead  directly  to 
(22), the desired  result. 

If only  two of the  factors of the  last column of the 
system of (21) are zero, we may  then,  without loss of 
generality,  assume  that (26b)  and (26c) are satisfied. 
Then (29) will also  be  satisfied. In discussing the  system 
of (18) earlier,  two  cases were  considered. In  the  first 
case, it  was  assumed  that  one  pair of equations,  re- 
garded  as  quadratic in y2,  had  just  one  solution in com- 
mon. For  the  other case, i t  was  assumed  that all three 
equations  had  two  solutions in common.  On the basis of 
the first  assumption  it  was  shown  that  the  equation of 
the first  lens  contour  took  the  form 

x2 + y2 = kx .  (30) 

A review of the  derivation of the  set of (21) shows  that, 
in  this  case,  the  constant k appearing in the preceding 
equation  and  the  constant k appearing in (21) are  the 
same.  From  (26b) we find that  

k =  
2 

cos f f 2  cos f f 3  +- 
PZ P3 

(3 1) 

Substituting  this  value of k in (30) we get 

+ y2 = 
2% 

cos 012 cos f f Q  +- 
(32) 

P 2  P3 

In precisely the  same n7ay that  (27) and (18b)  led to  
(28), so (29) and (18a)  lead t o  (28).  Comparing (28) and 
(32) we see that  

cos f f 2  cos L Y Q  

PZ P 3  

-- --. 

Combining  this  last  result  with (29) we obtain (22) once 
again. 

Finally we assume  that all of the  equations of the  set 
(18) have  two  solutions  in  common. If (29) is substituted 
in the  formula  for u4, we see that  a4 = 0. From  (20'),  then, 
i t  follows that  bd = 0, or, what is the  same  thing, 

2p2p3(p2 cos a3 - p3 cos ( r Z ) ( p 2  sin' cy3 - ~3~ sin2 ap) = 0. 

The  last  factor in  this  equation  appears  in  the  first col- 
umn  in  the  set (21) and,  therefore,  cannot be  zero bv  
hypothesis.  Hence, 

p2 cos f f 3  - p3 cos CY2 = 0. 

This  equation combined  with (29) again  yields  (22). 
We  have  seen  that in order  for  (18a), (18b), and (18c) 

to  have a common  solution, i t  is  necessary that  (21) be 
satisfied. Lye have now exhausted all  possible ways of 
satisfying (21) formally,  and  have  seen  that in each  case 
either a contradiction is obtained  or (22) is satisfied. 
Hence, we conclude that  a  common  solution  to  (18a), 
(18b),  and  (l8c) is possible only if (22) is true. 
S o w  let - l / d  be the  common  value of (cos cri) /pi  in 

(22). Then from (22) i t  follows that  each of the focal 
points  with  polar  coordinates (p i ,  ori) lies on the circle 

p = - d cos CY. (33) 

We  have  seen  that  (27), which is included  in  (22),  leads 
t o  (28),  namely, 

39 + Y2 = ~ 

.4. 

cos (Ye 

PZ 

Combining  this  result  with (33) gives 

x2 + y? + ax = 0. (34) 

Since (33) and (34) both  represent  the  same  circle, we 
conclude that  if a symmetric  bootlace  lens  has  three  or 
more  pairs of focal points  not  on  the  axis,  these  focal 
points  must lie on a circle  which is also the first  lens 
contour.  These  results  are  consistent  with  the  R-2R 
bootlace  lens  design.  Since  the  second  lens  contour is 
uniquely  determined  when  the  first is given,  the  solution 
would  be complete  were i t  not for the  fact  that,  by  hy- 
pothesis,  the  directions of the  incident  and  emergent 
beams  are  not  required  to  be  the  same, as they  are in the 
R-2R case. We  are now  in a  position t o  prove  that  these 
directions  must  be  the  same,  and  that,  therefore,  the 
R-2R  lens  provides the  only  solution. 

Returning  to  the  set of (17) we recall that  the  factor 
[l - (pi+pi')/2pi] is independent of the  indexi.  Further- 
more,  because of the  way  the  bootlace  lens is con- 
structed, each  point (u, v )  on the second  lens  contour 
corresponds  to  just  one  point ( x ,  y)  on  the first  contour. 
Hence,  the  coordinate z t  depends  only  on (x ,  y)  and  not 
on the indices i and j of the  pair of foci used in determin- 
ing  the  lens  contours. If we substitute p i =  -d cos or; in 
(1  7b), we find that  

cos 01; - cos aj = u / [ d ( l -  -)].7 PS + Pi' (35) 

cos pi - cos pj 2Pi 

Since the  right  side of (35) is independent of both i and 
j ,  we may  equate  the  left  side  to  a  constant K ,  inde- 

7 I t  was shown  earlier that cos pi#cos f l j  if i # j .  



pendent of i and j .  If at  the  same  time we let j =  1, we Squaring  the  last  two  equations  and  adding, we get 
get 

cos ff; - cos ffl 
= K # 0 ,  (36)  

cos p i  - cos p1 

or 

COS  CY^ = K COS j3i + COS  CY^ - K COS 01. (37) 

From (7) i t  follows that  there is a constant 3P such  that 

sin  CY^ = M sin 6;. (38) 

Squaring (37) and (38 ) ,  and  combining  the  results,  leads 
to  the  equation 

(K’ - L I P )  COS’ f i i  + ~ K ( C O S  L Y ~  - K COS PI) COS pi 
+ (COS  CY^ - K COS 81)’ + M‘ - 1 = 0. (39) 

If we rewrite (39) in the form 

a cos? pi + b cos pi + c = 0 (i = 1,  2, 3), (40) 

we see  that we have a  system of three  linear  homogene- 
ous equations  in  the  quantities a,  b,  and c. If the 
determinant of the coefficients is different  from zero, 
then a ,  b, and c must  all  be  zero. The  determinant of the 
coefficients is the well-known Vandermonde  determinant 

cos281 C O S f i l  1 

COS? p2 cosp, 1 

cos”3 cos& 1 
= (cos pi - cos p j )  # 0. 

a< j 

Hence, 
K? - M? = 0 

2K(cos a1 - R cos @1) = 0 (41) 

(COS a1 - K COS Dl)? + M 2  - 1 = 0. 

Since K#O, i t  follows that  A?? = 1. Substituting  this 
result in (38) and recalling that  ai is  in the second quad- 
rant  and pi  is in the  fourth, we get 

sin = - sin p i  (42a) 

.and  therefore 

cos ai = - cos pi. (42b) 

Thus we see  that  the  incident  and  transmitted  beams 
are in the  same  direction. 

For  the  sake of completeness  we  show that  the second 
lens  contour is the second  circle of the  R-2R  system. 
Substituting (42b) into (35) and  (42a)  into  (17c), we 
find that  

and 

( u  + d)? + 2’2 = 
( p J ’  + (pi’)? + 2pipi‘(sin’ ai - cos? cyi) 

4 sin‘ CY; cos?  CY^ 

(pi), + (pa’)’ - 2pipi’ cos? ff; - - (44) 4  sin2 ad cos2 

Referring  to  Fig.  5, we see  that 

fpJ’+(pi’)’-2p1p;’  cos 2a i=  (2h)*= (2d  cos sin (Y;)?. (45) 

Substituting (45)  in (44) we get  the  equation of the circle 

(u + d)2 + 212 = d’ 

which we recognize as the second  lens contour of the 
R-2R  system  with  2R = d. Finally  (l7a)  and (22) yield 
the  result 

‘& = (46) 

In  other  words,  the  path  lengths joining  corresponding 
points of the  two  lens  contours  are all equal. 

Fig. 5. Diagram for case  where  first  lens  contour is an  arc of a  circle 
on which the foci lie. 

CONCLUSION 
I t  is well known  that  the  two-dimensional  symmetric 

bootlace  lens,  commonly  referred to  as the  R-2R  lens, 
has  the  property  that  perfect focusing  can  be  achieved 
for  infinitely many positions of the  point  source.  This 
paper  shows  that  it is the  only  such lens  having  this 
property;  indeed,  that  it is the  only  one for  which  per- 
fect  focusing  can  be  achieved  for  three  or  more  pairs of 
focal points  not on the axis of the lens. 

In  the  course of this  demonstration,  equations  were 
obtained  for  the  lens  contours  determined  by  two  pairs 
of off-axis focal points. It  was seen that  the  directions 
of the emerging  beam could be  different  from  those of 
the focal radii of the  sources,  provided  the  constraint 
given by ( 7 )  was  satisfied.  Finally, it  was also  shown 
tha t  infinitely many lenses are possible  for  which a pair 
of conjugate off-axis focal points  and  a single  on-axis 
focal point  are  prescribed. 


