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We develop a theory for the description of partially coherent wave fields in linear optical systems in terms of
the so-called communication modes. The communication modes are the singular functions and singular values
of the appropriate propagation kernels. In particular, we show that optical fields of any state of coherence may
be readily propagated through deterministic systems using the modal representation based on the system
properties. The relation of the communication modes to the conventional coherent-mode representation is dis-
cussed, and expressions for the effective degree of coherence in the optical system are derived. The results are
illustrated by numerical examples in optical near-field geometry. © 2007 Optical Society of America
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1. INTRODUCTION

Real-world optical fields are never fully coherent, and the
wide use of new types of light sources, such as LEDs or
semiconductor lasers, has increased the practical need for
methods of modeling partially coherent light in a variety
of situations. Optical coherence theory provides a well-
established basis for that purpose [1], but often the means
of getting some specific knowledge of the behavior of fields
in optical systems becomes mathematically complicated
or numerically demanding. One option for facilitating the
analysis is to use the coherent-mode expansion, in which
a partially coherent field is expressed as an incoherent
sum of fully coherent contributions [1-4]. In this paper we
present an alternative modal approach for the analysis of
partially coherent fields in optical systems, based on the
so-called communication modes.

The communication modes [5] have proved to be a use-
ful concept for the study of resolution, propagation, field
synthesis, and information content of coherent optical
waves [6-9], even in the context of optical near fields [10].
They have also been used for the evaluation of the perfor-
mance limits of linear optical components [11]. The coher-
ent communication modes are the singular functions of
the propagation operator, which operates on the field over
some region of space and gives as a result the field over
some other region of space (see, for instance, [12] and the
original studies cited therein). Some of the attractive
properties of the communication modes are that in nor-
mal situations they form complete orthonormal sets in
the source and observation domains and that there is a
one-to-one coupling between the source and receiving
modes. Moreover, the communication modes are invariant
in the sense that they are defined solely by the properties
of the optical system, not in terms of the field.
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To extend the applicability of the communication-mode
method, we develop in this paper a corresponding repre-
sentation for partially coherent light. The statistical prop-
erties of partially coherent wave fields can be propagated
in linear optical systems in a manner that is analogous to
the propagation of the field itself, and we derive formally
the partially coherent communication modes as the singu-
lar functions of such coherence propagation. In determin-
istic media and systems it is found that these modes are
spatially fully coherent and can be expressed as products
of the coherent communication modes.

Some concepts based on a similar approach have re-
cently been discussed in connection with applications in
millimeter-wave interferometry [13,14]. Here we formu-
late a general theory that can be applied to the study of
stationary, partially coherent optical fields in free-space
propagation as well as in many kinds of linear systems. In
Section 2 we briefly recall the basics of the communica-
tion modes representation of coherent fields, and in Sec-
tion 3 the same notions are generalized for spectrally par-
tially coherent scalar waves. In particular, we
demonstrate how the communication modes of partially
coherent light can be solved in deterministic media and
optical systems. The propagation of partially coherent
fields in terms of the communication modes is then dis-
cussed in Section 4. In Section 5 we also compare this ap-
proach to the method that relies on the traditional
coherent-mode expansion. In addition, in Section 6 we
find expressions of the effective degree of coherence of
wave fields on the basis of the communication-mode ex-
pansion coefficients. The results are illustrated in Section
7 by numerical examples related to partially coherent
beams in an optical near-field geometry. The main conclu-
sions are summarized in Section 8.

© 2007 Optical Society of America
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2. COMMUNICATION MODES FOR
COHERENT FIELDS

As a basis for the development of the communication-
mode representation for partially coherent fields, we first
briefly introduce the notation and review the foundations
of the communication modes of coherent fields. Let us as-
sume that a coherent field U, occupies a region A, which,
for instance, may be an aperture in a planar screen. When
propagated through a deterministic optical system, e.g.,
simply some distance in free space, the resulting field U
in a region O can be expressed as

Ulr)= J G(r,p)Ug(p)d%p, 1)
A

where G is the Green function of the system. For physi-
cally realizable systems we may assume that the integral
operation in Eq. (1) is of the Hilbert—Schmidt class, which
formally means that |G|? integrated over both domains A
and O remains finite [15]. This is the case, for instance,
when G is bounded and A and O are finite. The Green
function can then be expanded as [15,16]

G(r,p) = D, 8,0, (), (p), (2)

n=0

where g,, ¥,, and ¢, are the solutions to the eigenequa-
tions

|gn|2lr//n(p)=f K. (p,p") i, (p")d%’, 3)
A
|gn|2¢n(r)=f K, (r,x") ¢, (x")d?r, (4)
0
in which the kernels are defined as
K. (p,p') = f G(r,p)G(r,p)d?r, (5)
0
Ko(r,r')=f G(r,p)G (r',p)d®p. (6)
A

The functions ¢, and ¢, are the so-called communication
modes of the optical system, and they form, when normal-
ized, complete orthonormal sets in their respective do-
mains. It follows from Eq. (2) that the mode functions are
connected by

f G(r,p) ¢, (p)d*p=g,¢,(r), (7)
A

fGWM%mﬁmé%w, (8)
0]

where the orthonormality of the modes has been used.
In the traditional cases of Fraunhofer and Fresnel dif-
fraction, closed-form solutions to the eigenequations exist.
For Fraunhofer diffraction with rectangular apertures,
the communication modes are prolate spheroidal wave
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functions (PSWFs) [17], and in the Fresnel domain they
are closely related to the PSWF's [6,18]. From Eqs. (7) and
(8) it is evident that there is a one-to-one coupling be-
tween the source and receiving communication modes.
The coefficients g, define the coupling strengths between
each pair of mode functions. The coefficients are usually
ordered so that |go|=|gi|=: =|g,| =|gms1|=""". After
some limit n=N the coupling coefficients become so small
that in the presence of noise, i.e., in all realistic situa-
tions, the corresponding modes do not effectively contrib-
ute to the observed field. In that case, the propagation op-
erator of Eq. (2) can be expressed as a truncated sum of
the first N+1 modes.

3. COMMUNICATION MODES FOR
PARTIALLY COHERENT FIELDS

We now proceed to extend the theory for stationary, par-
tially coherent scalar fields. In the space—frequency do-
main, the statistical properties of the waves can be ex-
pressed in terms of the cross-spectral density [1,2]

W(ry,ry,0) = (U (ry,0)U(rs, o)), 9)

where U(r,w) is a realization that represents the field at
frequency o and the angle brackets denote ensemble av-
eraging. We thus consider the spatial coherence proper-
ties of the wave field at a single frequency, but in the fol-
lowing the frequency dependence is suppressed from the
notation. However, we emphasize that all the functions
and constants to be introduced are generally frequency
dependent.

For arbitrary partially coherent wave fields traversing
a linear optical system, we can write, instead of Eq. (1),
the expression

W(P1,I‘2)=ff Q(I‘brz,l’l,P2)W0(P1,Pz)d2P1d2P2,
A
(10)

where W, and W are the cross-spectral densities of the
field in regions A and O, respectively, and @ is the propa-
gation kernel corresponding to the system. It is assumed
in Eq. (10) that the randomness of the field and the pos-
sible fluctuations of the optical system are uncorrelated.
As in the coherent case, if the propagation kernel @ is
bounded and if the domains A and O are finite, the coher-
ence propagator can be expanded biorthogonally as

Q(ry,ry,pq,p2) = E dnq)n(rl,rz)‘l’:(l)1,l’z)~ (11)

Now d,,, ¥,,, and ®, are the solutions to the eigenequa-
tions

|d,|*®,(p1,p2) = f f H,(p1,p2,p1,p5) V., (p1, p3)d%p1d?py,
A

(12)
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|dn|2¢)n(r17r2) =J f Ho(rlyr2,ri7ré>)¢’n(ri’ré)d2rid2ré’
o
(13)

where the kernels are

H(p1,p2,p1,P2) = f f Q' (r1,r2,p1,p2)Q(ry,Ts,p1,ph)
o

xd?rid%rs, (14)

Ho(r1>r25ri,ré) =Jf Q(rl’rZ;pl’pZ)Q*(ri,réapbPZ)
A

xd2p;d?p,. (15)

From Eq. (11) we find the following relationship between
the communication modes in the source and receiving do-
mains:

Jf Q(Pl,rz,P1,P2)‘I’n(P1,P2)d2P1d292=dn¢‘n(r1,r2),
A

(16)

and similarly for the transformation from the receiving to
transmitting modes:

ff Q*(Pbrz,91,02)q)n(1‘1,r2)d2’”1d27”2=dzq’n(P1,P2)o
0

17

To obtain these relations we again made use of the ortho-
normality of the modes.

Generally, the communication modes associated with
partially coherent wave fields can be solved from the in-
tegral equations above [e.g., Eqs. (12) and (13)] using the
appropriate propagation kernel @ in the same way as in
the coherent case, but the problem now has more dimen-
sions. However, for deterministic optical systems we ob-
tain the solution relatively easily by employing the com-
munication modes of coherent systems. In particular, in
view of Egs. (1), (9), and (10), the propagation kernel of
the cross-spectral density in a deterministic linear system
can be expressed rather obviously as

Q(ry,ro,p1,p9) = G (r1,p)G(ry,py). (18)

It is clear that @ is bounded whenever G is bounded, i.e.,
the expansion in Eq. (11) is valid for all practical deter-
ministic systems. If we take ¢, ¢,, and g, to be the com-
munication modes and the coupling coefficients for the
Green function G in the coherent case, it follows at once
that the functions

V,(p1,02) = Voni(p1,P2) = U (p1) ti(p3), (19)

®,(ry,ry) = P,y(1ry,15) = ¢:—L(r1)¢l(1‘2), (20)

and the coefficients
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dn=dml=g;gl (21)

are the solutions to Eqs. (12) and (13). Thus, Egs.
(19)—(21) correspond to the communication modes and
coupling coefficients for partially coherent fields in any
deterministic optical system corresponding to the Green
function G. Furthermore, it follows directly from the fac-
tored form of Eqs. (19) and (20) that the communication
modes in this case are spatially completely coherent [19].

The method described above for solving the communi-
cation modes for partially coherent fields is valid for any
deterministic optical systems in which the propagator @
is separable, as in Eq. (18). This includes, for example,
free-space propagation between two apertures in various
geometries [6,8,9,20], diffraction in imaging systems
[21-23], and deterministic radiation and scattering phe-
nomena [7,11,24-26]. Most of these studies deal with co-
herent light only, although some effects of incoherence
and partial coherence have been addressed [27-29]. In
the following sections we restrict ourselves to determinis-
tic systems, but we focus on partially coherent light. It
should be emphasized, however, that the general ap-
proach based on Egs. (11)—(15) can be used for finding the
communication modes even in more complex cases, such
as propagation in random media and through other fluc-
tuating optical systems.

4. PROPAGATION OF PARTIALLY
COHERENT FIELDS

The communication modes, defined for the factorable
coherence-propagation kernel in the two domains as de-
scribed in Section 3, provide two basis sets of orthonor-
mal, completely coherent functions, given by Eqs. (19)
and (20). Consequently, the cross-spectral density in the
source aperture can be expanded in the communication
modes as

% %

Wo(p1.p2) = 2 2 At (p1)1(p2), (22)

m=0 (=0

where

Amz=ff U (P1) U (P)Wo(p1,p2)d%p1d%py.  (23)
A

It follows directly from Eqgs. (10), (16), and (19)—(21) that
the cross-spectral density in the observation domain then
is

© ©

Wry,ry) = > > Augngidn(T) i(rs), (24)

m=0 [=0

i.e., the propagation operation in an optical system is re-
duced to a simple sum of the modes qﬁfnqﬁl in the observa-
tion domain, multiplied by the source-field projections A,,;
and coupling coefficients gfngl. The optical intensity distri-
bution (at the frequency in question) across the receiving
aperture is obtained from the spectral density, defined as
S(r)=W(r,r).

The projection coefficients A,,; contain all the informa-
tion about the state of coherence of the field. Since the
cross-spectral density function is Hermitian, W(ry,r;)
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=W"(ry,ry), these coefficients have the general property
that A:f;l=Alm~ In the special case of a spatially completely
coherent source field, the cross-spectral density in the
transmitting aperture can be expressed as Wy(py,p2)
=U,y(p1)Uy(py), and we find, rather obviously,

Aml=f US(Pl)dfm(Pl)dZPlf Uo(p2) ¥ (p2)d%ps = ayay,

(25)

where a,, and a; are the projections of the coherent field
onto the communication modes of the coherent system.
Hence, the cross-spectral density in Eq. (24) factors in the
two variables, and the field in the receiving domain is also
spatially coherent, as expected physically. On the other
hand, if we assume that the source field is spatially inco-
herent, with an intensity distribution I,(p) across the
transmitting region, the cross-spectral density can be
taken to be of the form Wy(p1,ps) =Io(p1)S(p1—p2), where
8(p1—p2) is the Dirac delta function [30]. In such a case,
Eq. (23) yields

Amlzf Io(p) Ym(p) ¥ (p1)d%p1 . (26)
A

A combination of Egs. (24) and (26), which is a form of the
van Cittert—Zernike theorem [1] for optical systems,
shows that the field in the observation domain now is, in
general, spatially partially coherent. If the transmitting
intensity further is a constant, Iy(p)=1I,, owing to the or-
thonormality of the modes we simply obtain A,,;=1,6,,,
where 6, is the Kronecker delta.

5. COMPARISON WITH THE COHERENT-
MODE REPRESENTATION

In Section 4 we already mentioned the case of a fully co-
herent source, which can be considered as a special field
that contains only a single coherent mode. In general, the
coherent-mode expansion of a partially coherent wave
field takes on the form [1,2]

Wo(p1,p2) = D Mty (p1) an(py), (27)

where «, and \,, are the eigenfunctions and the eigenval-
ues of the Fredholm-type integral equation in domain A,

f Wo(p1,p2) 0 (p)d%p1 = N, (py), (28)
A

with the cross-spectral density W, as the kernel. The rep-
resentation in Eq. (27) resembles the expansion in Eq.
(22); however, there are important differences. Conceptu-
ally, the most important difference is that the
communication-modes, unlike the coherent modes, are
the modes of the system. The effect of the optical system is
contained in the mode functions and coupling coefficients.
This could be an advantage compared with the coherent
modes in the context of field and coherence propagation.

Mathematically, the expansions in Egs. (22) and (27)
differ in that the communication modes do not diagonal-
ize the function Wy, i.e., the coefficients A,,; are nonzero
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for m #1, making the communication-mode expansion in
that sense a less efficient representation of the cross-
spectral density. However, we may readily diagonalize the
communication-mode expansion in Eq. (22). Indeed, since
the matrix A={A,,;} is Hermitian, it can be expressed in
the form

A=UAU", (29)

where U is a unitary matrix and A is a diagonal matrix
with elements \j, £=0,1,2,.... The elements of A then
are

A= 2 Ui U= 2 UniiUy, — (30)
k )
and the cross-spectral density in Eq. (22) becomes

Wo(p1,p2) = >, > UnihiUnthn(p1) t1(p2)

ml k
= ML[E Ume;(pl)][E Ukl‘ﬁl(ﬂz)],
k m 1
(31)

since U,,,= Uzm due to unitarity. Hence, comparison with
the expansion in Eq. (27) shows that the coherent-mode
eigenvalues are the diagonal elements \; and the coher-
ent modes are a,=3;U};4;, where i are the system’s com-
munication modes.

Regarding the propagation of the coherence properties
of a field, the coherent-mode representation [Eq. (27)] pro-
vides a simpler way than a direct solution of the basic in-
tegrals of the form of Eq. (10). More specifically, one can
propagate the mode functions separately, and the dimen-
sionality of the integrals to be solved is thus reduced.
However, for studying the propagation of different par-
tially coherent fields in a specified optical system, the set
of coherent modes and their eigenvalues must first be
evaluated for each different cross-spectral density. In ad-
dition, the number of significant modes that are needed
generally increases as the level of coherence of the field is
decreased.

If expanded in the communication modes [Eq. (22)], the
propagation of the cross-spectral density becomes very
simple. Once the modes have been established from the
Green function of the system, the propagation consists of
merely finding the expansion coefficients of the arbitrary
cross-spectral density in the source aperture according to
Eq. (23), multiplying these with the coupling coefficients,
and carrying out the summation of the receiving modes,
as specified in Eq. (24). Furthermore, as discussed at the
end of Section 2, the number of the communication modes
affecting the field in the observation domain depends on
the coupling coefficients (and the level of noise), i.e., the
properties of the system, instead of the state of coherence
of the field.

6. EFFECTIVE DEGREE OF COHERENCE

Since the communication modes are orthonormal func-
tions, expressions can be derived for the various field
properties in terms of the modes’ coupling coefficients,
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which are similar to those previously obtained for the
coherent-mode representation [2].

As a preliminary step, let us first consider the field in
the source aperture, described by the expansion in Eq.
(22). The spectral density is then, by definition,

% 0

So(p)=Wolp,p) = >, 2 Aith@ti(p).  (32)

m=0 [=0

Integrating this over the aperture, we find the relation

% © %

J Sop)d®p= > D A= >, Apm, (33)
A

m=0 (=0 m=0

which follows directly from the orthonormality of mode
functions ¢,,. This produces the interesting result that
only the communication modes of the symmetric form
wfn ¢, contribute to the integrated spectral density in the
aperture. The effect of the other (nondiagonal) terms is
canceled out in the integration, but they may still locally
affect the intensity distribution. In the same way, we may
evaluate the squared absolute value of the cross-spectral
density integrated over the aperture. This readily yields

0

f f [Wolp1,p2)|?d%py d%py = D) D A2 (34)
A

m=0 [=0

where the orthonormality of the modes was used.

We may now turn our attention to the effective degree
of coherence, which in a domain D is defined through the
classic formula [31]

J f |W(r1,r2)|2d2r1d2r2
2 D

lL =
J f S(rl)S(r2)d2r1d2r2
D

(35)

We note that on introducing the complex degree of spatial
(spectral) coherence [1]

W(ry,ry)

= (36)
\J’S (r)S(rs)

(T,
Eq. (35) assumes the form

Jf S(I'1)S(I‘2)|M(1'1,1‘2)|2d2’"1d2’"2
P , G

j f S(rl)S(r2)d2r1d2rz
D

showing that u describes, in effect, an average degree of
coherence of the field in D, weighted by the spectral den-
sity. The effective degree of coherence has attracted re-
newed interest, and its mathematical and physical prop-
erties have recently been extensively studied in a variety
of contexts [4,32-36]. It has also proved useful in experi-
mental characterization of partially coherent light beams
[37].

Returning now to the theory of communication modes
and making use of Egs. (33) and (34), the effective degree
of coherence in the transmitting aperture thus is
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Eml |‘4ml|2
S, Ann)?

an expression entirely in terms of the expansion coeffi-
cients of the communication modes.

We can derive similar results for the spectral density
and the squared absolute value of the cross-spectral den-
sity given by Eq. (24), integrated over the observation do-
main O. The effective degree of coherence in the receiving
aperture then takes on the form

Eml lgm Il Al
u= . (39)
(2, lgnlApn)?

= 38)

It is interesting to note that the effective degree of coher-
ence in the observation aperture can be obtained directly
from the expansion coefficients of the communication
modes in the transmitting aperture and the coupling co-
efficients associated with the optical system.

7. NUMERICAL EXAMPLES

As an illustration, we use the communication modes for
modeling the diffraction of a partially coherent Gaussian
Schell-model beam in free space between two small aper-
tures in a near-field geometry. For simplicity, we restrict
ourselves to a y-invariant situation (which could repre-
sent s-polarized light, i.e., the electric field pointing in the
y direction [12]). In this case the source field is defined as

Wi )= x% + x% (o1 — 209)? (40)
X1,%9) = exp| — 2 exp| - —20% ,

where w is the half-width and o is the coherence width
of the beam. The propagation of the coherent fields in the

1 i
0

x/A

Fig. 1. (Color online) Intensity distributions of Gaussian Schell-

model beams of width wy=10\ and coherence oy== (solid curve,

black), oy=5\ [dashed curve (blue online)], oy=2\ [dash—dotted

curve (green online)], and oy=\ [dotted curve (red online)] in the
receiving aperture.
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Fig. 2.
=5), (¢) 0p=2\, and (d) gp=N\ in the receiving aperture.

system is accurately governed by Eq. (1) with the one-
dimensional diffraction kernel [38,39]

ikz Hi {k[(x ~ po)* +2°]"%}
G =—
R R Y

(41)

where k=w/c=27/\ is the wave vector of the light and
H (11) is the Hankel function of the first kind and order one.
Based on the theory presented in Section 2, the coherent
communication modes can be solved numerically as the
singular functions in the biorthogonal expansion of the
propagation operator. The corresponding communication
modes and coupling coefficients for the partially coherent
wave field are then simply obtained from Egs. (19)—(21),
and the diffraction of the light beam on exiting the trans-
mitting aperture can be evaluated as described in Section
4.

We have chosen the transmitting and receiving aper-
tures to have identical widths, A=0=10\, where \ is the
wavelength, and the distance between the apertures is
also z=10\. Figure 1 illustrates the normalized intensity
distributions of various Gaussian Schell-model beams
with different coherence widths and wy=10\A in the re-
ceiving aperture. The results show a clear dependence be-
tween the diffraction characteristics and the coherence of
the field. The absolute values of the cross-spectral densi-

1 T T T T

0.9
0.8
07k
0.6

305
0.4
0.3
0.2

0.1

0 , l . .
400/)\6

Fig. 3. (Color online) Effective degrees of coherence in the
transmitting aperture (solid curve, black) and in the receiving
aperture as a function of the coherence width o, of Gaussian
Schell-model beams with wy=10\. The observation-domain
curves correspond to different propagation distances between the
apertures: z=10\N [solid curve with dots (blue online)], z=25\
[dashed curve (green online)], z=50\ [dashed—dotted curve (red
online)], and z=100\ [dotted curve (magenta online)].

5 0 5
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(Color online) Absolute values of cross-spectral densities of Gaussian Schell-model beams with wy,=10\, and (a) gy=2, (b) o

ties of the same fields, calculated by means of the commu-
nication modes, are illustrated in Fig. 2. Though not
shown, we have checked numerically that the same re-
sults are obtained if the field is represented using the co-
herent modes and these are propagated individually
through the system.

We also demonstrate the use of the communication
modes for determining the effective degree of coherence of
Gaussian Schell-model beams in the receiving apertures
of similar systems as described above. In Fig. 3, the re-
sults obtained from Eq. (39) are illustrated as a function
of the coherence width of the beam for different propaga-
tion distances. The communication modes must be solved
separately for the systems with different propagation dis-
tances, but the changes in the beam coherence are simply
governed through the expansion coefficients. The size of
the apertures is assumed to remain the same in all cases.
Thus, as the beam is spreading on propagation, its effec-
tive degree of coherence in the receiving aperture gets
higher with increasing propagation distances. For com-
parison, we also show the effective degree of coherence in
the transmitting aperture.

8. CONCLUSIONS

We have developed a general representation of partially
coherent wave fields using the appropriate communica-
tion modes. For deterministic optical systems, these
modes are completely coherent and can be simply ex-
pressed in terms of the coherent communication modes of
the same optical system. The relationship between the
communication modes and the conventional coherent
modes of partially coherent wave fields is elucidated. We
have also shown that the effective degree of coherence can
be expressed in terms the mode projection coefficients of
the source field and the mode coupling strengths associ-
ated with the system, providing a convenient means of as-
sessing the effect of the optical system on the overall co-
herence of the field. The results are illustrated by near-
field GSM beam calculations, demonstrating the accuracy
and versatility of the communication modes method for
assessing partially coherent wave fields. Further work
could include developing the theory for random media
and various fluctuating optical systems.
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